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What is a Paraproduct?!

A Paraproduct is a bilinear operator that is similar to, but“nicer” than, a product
of two functions. Consider the following operator:

s

N(f. g)(s) := / F(De(t) dt, ¥ f.g e CAR).

— 00

Then TIT satisfies:
@ Product Reconstruction: By Leibniz's rule,

fg =N(f,g)+N(g,f).
o Linearization Formula: For G € C*°(R), we have
G(f) = G(0) + N(f, G'(f)).
@ A Leibniz-type Rule: It follows immediately that
n(f.g) =f'g.

Then M is almost a paraproduct. (generally, paraproducts also satisfy a Holder's
inequality.)
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A Paraproduct is . . .

A Paraproduct I1 is a bilinear operator satisfying: product reconstruction, a
linearization formula, a Holder-type inequality, and a Leibniz-type rule:

9°N(f,g) =N'(0“f, g).
We study One-Parameter Model Paraproducts:

Let / be an interval. Then ¢, is a bump function adapted to | iff ||¢;|| =1 and

"y
D%61(x)| < 1] (1 n X‘,|(’)'> L -0,

where c(/) is the center of / and N is sufficiently large. Let Z be the set of dyadic

intervals. Define:
B(fi, )= I 1/2¢3/H fis dj.1),
€2

where, for each /, each ¢;, is adapted to / and two of the ¢;; have integral zero.
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An Example

For each dyadic interval /, the Haar function adapted to / is
hy = |1]72(1, - 1),

where [, is the left half of /, and /, is the right half of /. Moreover, define
K := h; and A} := |hy|.

Then, the Haar Paraproducts are given by:

Rk (£, ) = IV, B (o hf%) B,
€2

where k;j € {0,1} and two of the k; are zero. It can be shown that

fify = BYOO(fi, ) + B*YO(f, h) + BV (A, ).
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Increase the Parameters!

We also study Bi-parameter Model Paraproducts:

Let Z be the set of dyadic rectangles in R2. A function ¢ is adapted to the
rectangle R, where R = Ry X Ry, if

Or(X) = ¢r,(x1) PR, (x2),

where each ¢g, is adapted to Rx. The bi-parameter model paraproducts are of the
form:

2
B(fi,h) = > [RI7?¢sr [ [ (£, 4sir),
j=1

ReZ%

where each ¢; r is adapted to R and for each coordinate x, k = 1,2, there are
two positions in j = 1,2, 3 such that

/ ¢j,R(X1,X2)ka =0 Vx 75 xcandV R e Z%.
R

Then we say B has x, zeros in the j* position (or {¢; r} has xx zeros).
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Main Results

The main results proved in the paper are that both the one and bi-parameter
model paraproducts satisfy a Holder-type inequality:

Theorem 1 (Coifman, Meyer '78), (Muscalu, Pipher, Tao, Thiele '04)

Whenever 1 < p1,pp <00, 1/r=1/p1 +1/p2, and 0 < r < o0,

1B(f, 2)Ilr S Il I ol o -
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Classical Coifman-Meyer Theorem

Theorem 1 is a discrete version of the following one and bi-parameter results:

Let m be a bounded function on R?, smooth away from the origin and satisfying

for sufficiently many multi-indices v and define the bilinear operator T,g,,l) by

T8 = [ mOF(GIR(G)EE e,

for Schwartz functions f, g € S(R). We can generalize this by allowing m to be
defined on R?" and f, g € S(R").

Theorem 2 (Coifman, Meyer, '78)

If m is a symbol satisfying the above estimates, then the bilinear operator T,(nl)
maps LP x L9 — L" whenever 1 < p,q <oo,1/r=1/p+1/q,and 0 < r < cc.
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Bi-parameter Coifman-Meyer Theorem

Let m(¢,n) be a bounded function on R*, smooth away from {((1,71) = 0}
U{({2,m2) = 0} and satisfying the estimate

1 1
(Ciym)|eatPr (o, mp) |22 tP2”

for sufficiently many multi-indices o and 3. Then we can define the bilinear

980, m(¢. )| < |

operator T,(,,z) as follows:

T@(.e) = [

| m(CmF(Qa(me T dCdn,

where f, g € S(R?).

Theorem 3 (Muscalu, Pipher, Tao, Thiele '04)

If m is a symbol satisfying the above estimates, then the bilinear operator T,£,2)
maps LP x L9 — L" whenever 1 < p,q < o0, 1/r=1/p+1/q,and 0 < r < occ.
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Fractional Derivative Estimates

Let f,g € S(R?) and for a > 0, define the fractional derivative D by

DoF(C) = [¢[*F(Q)-

There are paraproducts [1; for j = 0,1, 2,3 such that the Coifman-Meyer theorem

applies to each I1; and
3

fg = Nj(f,g).

Jj=0

Using the structure of the I}, one can find paraproducts I} and [T, with
D“(I‘Il(f,g)) =Nj(f,D%) and D“(I’Iz(f,g)) = Ny(D*f, g),

and similar Iy and M4 paraproducts. Using the Coifman-Meyer theorem, calculate
D)l < Z ID*(M;(F, &)l

< IID“fIIpIIgIIquIIfIIPIIDagIIq,

forl<p,g<oo,1/r=1/p+1/q,and 0 < r < cc.
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Fractional Partial Derivative Estimates

For f € S(R?) and for a, 3 > 0, define the partial differential operator Dng by
DDy F(C) = Gl [¢al*F ().

Then, for f, g € S(R?), using the bi-parameter Coifman-Meyer theorem and
analogous manipulations of paraproducts, we have

DD (fe)ll: < IDF D5 Fllpligllq + I F1l,I P2 D2 e llg

DL Flpl D3 gl + D7 Fllo I D5 e llo,

forl<p,g<oo,1l/r=1/p+1/qg,and 0 < r < oo.
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Square and Maximal Functions

We are considering the following paraproducts:

flaf2 Z|I| 1/2¢3/H J?(rb_jl

1e2

where, for each I, each ¢;, is adapted to / and two of the ¢;; have integral zero.
Without loss of generality,we can assume ¢, ; and ¢3, always have integral zero.

We will need the following variations of the maximal function and square function:

Mlg = sup 1I|<g7¢1,/>‘
13 |/

1/2
A2
Sg = lz“g"’;f”)' 1,] ,  forj=23
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Maximal Function Bounds

M(7)(x) = sup 1,1 ﬁj’” < MF(x),

where M denotes the typical Hardy-Littlewood maximal function. Fix | € 2, say
|I| = 2K*1 Translate / so that it is centered at O and let y be in /. Then:

(£, &1)] <
/]

S

S

S

S

170 [ 1l /1)
-1 -1 X X2 2\—1 Ix
7 1A 7[R xR Ry

Mf(y)+ 27K 1/|f )|dx(1 + 22071 /22(KF 1)) =1

>k

Mf(y)+ Y 2 121+1/|f x)|dx

Jj>k
Mf(y),

where [; is the interval centered around zero with length 27+, As y € [, it is clear

that y € I;.
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Square Function Bounds

Sf is more or less large only where f is large, which is reflected by
ISt S MIfllp V1I<p<oo.

Partially follows because (¢;, ¢;/) is usually small. In particular, if all {¢;} have
integral zero, then

> e o)l < C.

e

For p = 2, restrict to finite sums, let ||f||2 = 1 and calculate:

Z| L on[? < ||Z s 1) b1l2,
using Cauchy-Schwarz and then calculate
2
(Z|<f7¢l>|2> ZZ Wi, ) (D1, dr)
I
2Z| foon Y [(dr,é1)]
/ I

IN

IN
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Proof of One-Parameter Result

Recall: We are trying to show that B maps LP* x LP2 — L" whenever
1<pi,pp<oo,1/r=1/p1+1/p2,and 0 < r < cc.

Casel: 1<r<oo
In this case, L.M. use a duality argument. We will need the following obvious fact:
If {aj,1}1co are sequences such that {a1,} € I°°, {a2,}, {a3,} € I?, then

€2

and in particular,

ol .
I (1 )
(o It v
< le X)]

j=2 Lleg

(ML)($25)(S353)(x)
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Proof of One-Parameter Result

Casel: 1 <r<oo
Let r’ be dual to r, fix 5 € L" with ||f3]|,» = 1, and calculate:

2
/Z|I|_1/2¢3,/H<67¢j7/>?3
j=1

(B(fi, 1), f5)

€2
3
< [ e
1€2 Jj=1

< / (MAE)(S:5)(S35)

IN

IMfi[py [[ S22l s || S35 -

S e lflle.

where Holder's inequality is used. Taking the supremum over all such f3 yields:

1B(f, Rl < fall [ fallpo-
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Proof of One-Parameter Result

Case 2: 1/2<r<1
M.L. prove the following weak-type estimates:
A{B(R, H) > MY S A llp: 1ol (1)

and multi-linear Marcinkiewicz interpolation yields the desired strong estimates.
To get the weak estimates, use the following lemma:

Lemma 1 (Auscher, Hofmann, Muscalu, Tao, Thiele '02)

Let 0 < r < oco. If for all sets E with 0 < |E| < oo, there is subset E’ C E with
|E’| ~ |E| and |(f,1£/)| S AJE|/" then

1fllr0 S A

In particular, let f = B(fi, ) and A = ||fi||p, || 2] p, -
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The A operator

Consider the following multi-linear operator:
N o, £) == |1~ 1”HI £, b5.0)]. (2)
€2

Then, M.L. shows that for each f, f, and set E, there is a set E/ C E with
|E’| ~ |E| such that

N, £, 6) S LE 1Al 1ol oos
for all f3 supported in E’ and bounded by 1. (particularly, 5 = 1g/.)

By multi-linearity, we can assume ||fi||,, = ||f2||p, = 1. As the class of the

multi-linear forms A is invariant under dilations by powers of two, we can assume
|E| = 1.

Specifically, if Dy is the dilation operator defined by (D)f)(x) = f(A~'x) and
Ak(ﬂ7 f27 fé) = 2_k/\(D2kf;|.7 D2"f27 D2kf5’>)a

then A is a multi-linear form of type (2) for k € Z.
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End!

The End!
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Bi-parameter Paraproducts- Review

Recall: for | be an interval, we say ¢, is a bump function adapted to I iff
[é1]l2 =1 and

—_co(NN\ N
D764 < J1]" V2 (1+X,C|”') . -0,

where ¢(/) is the center of | and N is sufficiently large. Last time, we considered
paraproducts of the form:

B(fi,h):=> I ¢s, H i, 67.1),
leo
where, for each /, each ¢; is adapted to / and two of the ¢;; have integral zero.

Let Z be the set of dyadic rectangles in R2. A function ¢ is adapted to the
rectangle R, where R = Ry X Ry, if

¢R(X) = R, (X1)¢R2 (X2)’

where each ¢g, is adapted to Rj.
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Bi-parameter Paraproducts- Review

The bi-parameter model paraproducts are of the form:

2
B(fi,h) = > [RI7?¢sr [ (£, 4sir),
j=1

ReZ%

where each ¢; g is adapted to R and for each coordinate xx, k = 1,2, there are
two positions in j = 1,2, 3 such that

/¢j7R(X1,X2)ka:0 VX,‘;AXk andV Re Z%.
R

Then we say B has x, zeros in the j™ position (or {¢; r} has xi zeros).

Theorem 2 (Muscalu, Pipher, Tao, Thiele '04)

Whenever 1 < py,po <00, 1/r=1/p; +1/p2, and 0 < r < oo,

1B(f, )l S fallw [ ol po-
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Variants of Square and Maximal functions

Again, M.L. use variants of square and maximal functions, adapted to the specific
bump functions appearing in the given paraproduct B.

Consider the following iterates of one-variable square and maximal functions:

MM(f‘) — sup ‘<f7¢R>|1R
Re% |R|
- 1/2
SIMy(F) = | > sup I(F, Orixre) ., R=R xR
RIE@Rze@ |R|
- 1/2
f,pr)|?
ss(r) = |3 LEoml |ﬁ’|">| 1|
INSZ4

where we can similarly define S, My, My S5, and M, S;.

If a square function is applied to the set {¢r} in the x4 coordinate, we require the
functions {¢g} to have xi zeros.
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Biparameter Proof: Case 1

As before, the interated square and maximal functions are bounded from LP — LP,
for 1 < p < co. Specficically, if T is an operator on the previous slide,

ITFle < Nflle

~

for 1 < p < co. As before, we define the multilinear form A by
3
Nf, B, ) = [RITYV2TT I ¢5.)
RE% j=1

for 3 € L™, and have:

(B(fi, ), ) < NHh,f,h)

3
/ZH|R\_1/2|<Ga¢j,R>|1R,

REZ j=1

We will use operators to bound the sum inside the integral. The operators we
choose will depend on where B has zeros in each coordinate.
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Bi-parameter Proof Case 1

To illustrate, assume B has x; zeros in the j = 1,2 positions and x; zeros in the
J = 2,3 positions. Then we have:

3
> ITIRITY2IiG, dir)I1r

ReZ j=1
1/2
(s, d3)l ( (., dy.R) 2 )
< sup ————
ng@ R €D \/ |R H R;@ ‘R|
1
|(f1, ¢1,R)|? (s $2.R)? ’ |, ¢3,r)[?
< sup —— 1z sup ————"—1pr
" (Z R Z Rl 2,50 g

= (M1 5:f)(SSh)(S1M2fs)

IA

(S2M1£,)(55F)(S1Mafs).
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Bi-parameter Proof Case 1

In general, there are 3 iterated square/maximal operators T; for j = 1,2, 3 with

(B(h, ), f5) < N, f,h)

3
_ /Z [TIRI21(6. 60114

ReZz j=1
< /Tlfl Toh Tafs

Case 1: For 1 < r < oo, let r’ be dual to r and choose £ € L with I = 1.
Then

(B(h, ), ) I Tl | Tofallpo | T35

<
S hlle e

which gives the result for 1 < r < cc.
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Bi-parameter Proof Case 2

Case 2: 1/2<r<1

M.L. prove the following weak-type estimates:
A{B(A, H) > MY S A llp: 1ol

and multi-linear Marcinkiewicz interpolation yields the desired strong estimates.

To get the weak estimates, show, that for each f;, £, with ||fi||,, = ||2||, = 1 and
set E with |E| = 1, there is a set E’ with E/ C E with |E’| ~ |E| and

N, B, ) S 1,

for every f3 supported in E’ and bounded by 1.

Further, we can assume each f; is smooth and compactly supported. Let T;, for
Jj =1,2,3, be the operators bounding B as in the previous slide.
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¢ Notation

We will be estimating

Nfi, B )= D |R|” 1/2H| fj: $5.R)

ReZ%

In particular, we will decompose Z into several classes of rectangles. Let & be a
class of dyadic rectangles. Then define

sum( ZIRI’WHI i, $.R)|-

ReO

Recall that for each iterated operator T; we were summing (or sup-ing) over
(f,¢r), for R € Z. Let T denote an iterated square or maximal function
restricted to the class of dyadic rectangles &'. For example, if T = SS,

1/2
Tof = (Z [(F, ¢r)I” ) )
ReC

Before we define E’, we need to establish several bounds on sum(&) and || T2
for classes of rectangles & satisfying special properties.
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Technical Lemma 1

Let & C Z and let > 1 be a constant such that supp(f)NuR =0V R € O, for
a given function f. Then

[ Tofll2 S w ™ |fll2,

where N = N — Ny, where N is the integer in the definition of adapted for the
{pr} defining T, and Ny is the smallest integer needed to get the LP bounds on
the square and maximal functions.

Idea of Proof Let {¢r} be adapted with integer N > 0. One can define a new
set of adapted functions {¢r} adapted with integer Ny such that

dr(x) =N or(x) V¥ xé&puR.

Define T with the {¢r} and T with the {¢g}. If f satisfies the assumptions of
the lemma, then

’

Tof = N Tof,

and the result follows since T is bounded on L2, with bounds independent of p.
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Technical Lemma 2

Let c1, ¢, c3 > 0 be constants and & a collection of rectangles such that

IRNA{T;f > ¢} < 155 R forRe 0,j=1,2,3. (3)

Then we have the estimate: sum(0) < ciccslshO)|.

If (3) is not known for j = 3, we have:  sum(&) < c1|sh@ ||| Tzo 6.

Idea of Proof:
Let W = sh(6) N(V_{T;f < ¢}, so that |[R N W| > $L|R|. Then:

100
3
sum(0) < /ZH\R|71/2|<G7¢1,R>\1R
W Reo j=1
< /Tlfl Tof, T3
w
< [sh(O)|accs.
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Definition of E’

Fix fi, b, E with ||fi]|p, = ||2]|p, = |E| = 1. Define 4v = min(py, p2) and let T
be the strong maximal function (in two parameters). Define

Q. = {TfF>C2y, lez, j=1,2,
Q = UJ2':19j,/7

Q = Uen{Tolq, >27"/100},

Q = {Tolg>1/2}.

Set £/ = Q° N E. We can choose C so that |E’| > 1/2 by choosing C so that
|| < 1/8. Using the L? boundedness of Ty and LP boundedness of the T; for
j=1,2, we have

2
QI <KD (2 < KoY D CrlereR),

IeN IEN j=1

which converges, and so we can choose C >> 0 to give €2 the desired size.
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Decomposition of %

Recall, we are trying to show:

3
N, B 5) = D> IRV TT I o) S 1,

ReZ j=1

where f; is bounded by one and supported on E’. Then, for 1 < p3 < oo,
1fsllps < 1.

We consider the sum restricted to specific classes of rectangles in &% and split the
rectangles into classes as follows:

R is in class 0} iff | is the greatest integer so that

L

RO = [RO{Tjf > €2} =

IR]-

As the T;f; are bounded, every rectangle R is in precisely one &} for each j and
so we can associate to each R a tuple [ = (h, b, I3) of integers.
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[ with Iy, <0

Let L denote the tuples with /1, b,k < 0. Fix such an [ = (h, k, ) and define
0= ﬁ?:lﬁ)j,ly
Then for each R € 0}, and j =1,2,3,
1

IRNQj | = |RN{T;f; > C2i}| < 1TO|R|'

and so Technical Lemma 2 yields:

sum(&)) < [sh(6))[ 2"+,

The LPi-boundedness of T; implies that, for §; 40> + 63 =1,
sh(@)] < [sh(&1)|" sh(02,1)| " Ish(T3,1)|*

< 9=P1h01—p2h02—p3ls03
S .

Then we can calculate
Z sum(ﬁ,) g Z 2/1(1—Pl91)Jr/2(1—P292)+/3(1—P393)7
leL IeL

which converges for 01, 6,03 and p3 > 0 with 1 — p;6; > 0.
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[with b >00rh>0

Let G denote the tuples with at least one of /1, > 0. Fix such an [ = (h, h, h)
and define

0= ﬂjgzlﬁ)j,/j.
Fix such an [/ and without loss of generality, assume /; > 0. Let R € 0). Let
2vh/2R be the rectangle obtained by dilating each side of R by a factor of 2v1/2
and keeping the same center. Then

1

vh/2 vh/2
TR Joag 1oa = [2MPROQuI/22R)

> [RNQ,|/2""R]
> 27vh/100,

which implies 2#1/2R C Q and so

2Vh/2R N supp(fz) = 0 Y Reo,.
Technical Lemma 1 gives:

1T afslla S 2742 2 < 27108,

for N’ sufficiently large.
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[with b >00rh>0

Actually, we showed:
1 Ts, 36|z S min(27100, 2719%),
Now, as each R € O satisfies:
IRN{T;f; > C2i '} < L:|R| for Re 0), j=1,2,
Technical Lemma 2 implies:

sum(0)) < 2hFRIshe) V2| Ty, 362

hth i (=10 ~—10/
< 20T min(27 2707,

which is clearly summable over all tuples (/1, h) with /; or I positive. This covers
the entire class of dyadic rectangles. Thus, we have proved:

N, o, ) = Z|R\*”2HIP¢JR|<1

ReZ%

as desired.
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